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■ Abstract. We consider the polynomial representation S{V*) of 

. the rational Cherednik algebra Hc{W) associated to a finite Cox- 

I eter group W at constant parameter c. We show that for any 

degree d of W and m S N the space S{V*) contains a single copy 
of the reflection representation 1/ of spanned by the homoge- 
neous singular polynomials of degree d — 1 + hm, where h is the 
Coxeter number of W\ these polynomials generate an Hc{W) sub- 
module with the parameter c = [d — 1) /h + m. We express these 
singular polynomials through the Saito polynomials that are flat 
coordinates of the Saito metric on the orbit space V/W . We also 
show that this exhausts all the singular polynomials in the isotypic 
component of the reflection representation V for any constant pa- 
rameter c. 
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1. Introduction 

In this paper we relate two remarkable constructions associated with 
a finite Coxeter group W . The first one is the Frobenius manifold 
structure on the space of orbits of W acting in its refiection represen- 
tation V [Ij. The key ingredient here is the Saito fiat metric on the 
orbit space V/W [2]. This metric is defined as a Lie derivative of the 
standard contravariant (Arnold) metric. The fiat coordinates form a 
distinguished basis in the ring of invariant polynomials SiV*)^ . This 
basis is now known explicitly for all irreducible groups W . All the cases 
except W of type Ej, were covered in the original paper [2]. The 
fiat coordinates in the latter two cases were found recently both in [5] 
and in 

The other famous construction associated with the group W is the 
rational Cherednik algebra Hc(W) [5]. It depends on the VT-invariant 
function c on the set of refiections of W which we assume to be constant. 
The key ingredient here is the Dunkl operator V^, C, i which acts 
in the ring of polynomials as a differential- refiection operator [6]. For 
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particular values of c the polynomial representation S{V*) has non- 
trivial submodules M. These values were completely determined by 
Dunkl, de Jeu and Op dam in [7] where it was shown that non-trivial 
submodules exist if and only if c is a non-integer number of the form 
c = l/d where d is one of the degrees of the Coxeter group W and / G 
Z>o. The lowest homogeneous component Mq of M consists of so-called 
singular polynomials [7] which are annihilated by Dunkl operators 
for any ( & V. All singular polynomials were found by Dunkl when W 
has type A [Slinj. Further, it was established in plj] that in this case any 
submodule M is generated by its lowest homogeneous component Mq. 
In general the structure of submodules of S{V*) and the corresponding 
singular polynomials are not known. Some singular polynomials for 
the classical groups W and for the icosahedral group were determined 
in ^llj and [12\ (see also \l3l) respectively, while dihedral case was fully 
studied in |7] (see also [E]). 

In the paper we study singular polynomials that belong to the iso- 
typic component of the reflection representation V of the Coxeter group 
W. The existence of such singular polynomials is known for the Weyl 
groups when c = r/h where h is the Coxeter number of W and r is 
a positive integer coprime with h It appears that in general the 
corresponding parameter values have to be c = (c/ — + m, where d 
is one of the degrees of W and m G Z>o. We explain how to construct 
all the singular polynomials in the isotypic component of V in terms 
of the Saito polynomials that are flat coordinates of the Saito met- 
ric. We use theory of Frobenius manifolds and especially Dubrovin's 
almost duality [T7] . We show that singular polynomials under consider- 
ation correspond to the l^-invariant polynomial twisted periods of the 
Frobenius manifold V/W, and we determine all such twisted periods. 

Firstly we prove that the first order derivatives of the Saito polyno- 
mials are singular polynomials at appropriate values of the parameter 
c = {d — l)/h (Corollary 12.141) . Then we explain how to construct 
further singular polynomials with parameter c shifted by an integer 
(Theorem I3.16p . Then we show in Corollary 14.101 that this construc- 
tion provides all the singular polynomials in the isotypic component of 
the reflection representation. 

In the last section we present residue formulas for all the polyno- 
mial invariant twisted periods in the case of classical Coxeter groups 
W. Then we generalize them to get some singular polynomials for the 
complex reflection group W = Sn t< (Z/£Z)". 
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2. FROBENIUS structures ON THE ORBIT SPACES 

Let V = C"' with the standard constant metric g given by g{ei, ej) = 
{ei,ej) = 6ij where Cj, i = l,...,n, is the standard basis in V. Let 
(x^, . . . ,x"') be the corresponding orthogonal coordinates. Let W be 
an irreducible finite Coxeter group of rank n which acts in V by orthog- 
onal transformations such that V is the complexified refiection repre- 
sentation of W. Let 7^ C be the Coxeter root system with the group 
W [TB]. Let y^{x), . . . , y"'{x) be a homogeneous basis in the ring of in- 
variant polynomials ^(V"*)^ = C[x\ . . . , x"]^ = C[x]^ . Let da be the 
corresponding degrees da = degy°'{x), a = l,...,n. We assume the 
polynomials are ordered so that di > . . . > d^, di = h is the Coxeter 
number of the group W. The polynomials y^, . . . are coordinates 
on the orbit space = V/W. The Euchdean coordinates x^, . . . ,x"' 
can also be viewed as local coordinates on A^\E, where E is the dis- 
criminant set. Denote by (5 = {x G V\{'~f,x) = for some 7 G TZ} the 
preimage of S in the space V. 

The metric g is defined on \ S due to its 14^-invariance. Let g°''^ 
be the corresponding contravariant metric. Consider its Lie derivative 
V^^hj) = dyig°''^{y). The metric 77 is called the Saito metric. It is 
correctly defined (up to proportionality), and it is fiat. There exist 
homogeneous coordinates t" E C[x]^ (1 < « < n), degt" = da, such 
that 7] is constant and anti-diagonal: 

where 6j = 6ij is the Kronecker symboO. Such coordinates are called 
Saito polynomials. 

The pair of metrics g, i] forms a fiat pencil which defines a Frobe- 
nius manifold [I]. We will be mainly concerned with the almost dual 
Frobenius structure [TTj. It is defined by the prepotential 

= ^Y1 (7,2;)^log(7,x), 

where summation is over the set of positive roots, and the roots are 
normalized so that (7, 7) = 2. The prepotential is quasi-homogeneous 
that is the Lie derivative 

2 

CeF = —F + quadratic terms in x, 
h 



We distinguish between the upper and lower indices as we will use the standard 
differential-geometrical convention that summation over the repeated upper and 
lower indices is assumed. 
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where E is the Euler vector field 



h dx' df^ 



with = 

h 

Define the tensor 



(2.1) c,., = = y 

* . .. * 

where x G K and 7^ = (7,64). Let (7*7, = g Cjki- Then for any 

X e \ S the tensor C)k — C]ki^) forms the structure constants of an 
associative n- dimensional algebra [Ij 



Define another tensor C^j^ = C^l = g'^uii and consider the corre- 
sponding tensor with two low indices C^^ = rjxeCp^ in the fiat coordi- 
nates 1°". The tensor C^^^ defines associative multiplication of tangent 
vectors at any point of the orbit space; the vector field 9^1 is the unity 
of this multiplication. Let Ca be the corresponding n x n matrix with 
the entries {Ca)x = C^\- Let U be the matrix f/^ = g^^rjxis. The 
following result plays a key role. 

Theorem 2.2. Proposition 3.3] A function p{t^ ,t^) satisfies 
the system of equations 

if and only if the following equations hold 

(2.4) = dMt), 1 < a < n, 

(2.5) dtc.^{t)U = ^{t){u + A)Ca, l<a<n, 
where ^{t) = {^i{t), . . . ,^n{t)) and A is the diagonal matrix 

A = Diag(di - 1, . . . ,dn - I). 

Functions p satisfying the system (12. 3p are called twisted periods 
of the Frobenius manifold [17J. We will be dealing with the sys- 
tem (12. 4p . (12. 5p so we note the following statement. 

Lemma 2.6. For any polynomial solution ^{t) of the system (12.50 there 
exists a polynomial p{t) satisfying (12. 4p . 

Proof. It is sufficient to check the compatibility df^^p = dip^a- Tak- 
ing into account invertibility of the matrix U on A^\S and using the 



SINGULAR POLYNOMIALS FROM ORBIT SPACES 5 

equation (12. 5p we rearrange this equality as 

Note that it is necessary to check that 

(2.7) C^f^,{U-'Z = C'a,iU~% 
The equahty ( 12. 7p is equivalent to 

(2.8) C^U^ = ClsU^. 

Indeed, muhiplying ^M) by {U-'^y^{U-% and summing by repeating 
indexes we obtain (12. 7p . The relation (12. 8p . in its turn, follows from 
the property = E^C^j^ (see p^]) and the associativity conditions 

We observe that the Saito polynomials themselves satisfy the equa- 
tions from Theorem 12. 21 More exactly we have the following statement. 

Lemma 2.9. For each (3 = 1, . . . ,n the function p{t) = t^ is a solution 
to the system (12. 4p . (12. 5p with the parameter 

dp - I 



V 



h 



Proof. By substituting = 6^ into (12. 5p we obtain the equations = 
e^(z/ + A)C„, where = (0, 0, . . . , 1, . . . , 0) with 1 in the site (3. These 
equations are satisfied if z/ — ^^^-^ = 0. □ 

Recall now the Dunkl operators associated with the Coxeter group 
W. We fix a parameter c G C. The Dunkl operator in the direction Cj 
(i = 1, . . . , n) is given by 

(2.10) Vi = d,.-cJ2 7^(1 - ^7). 

where denotes the orthogonal reflection with respect to the hyper- 
plane (7, x) = 0. The key property of Dunkl operators is their commu- 
tativity [6]: 

[V„V,] = 0, l<i,j<n. 

Proposition 2.11. Suppose a W -invariant polynomial p{x^ x"") 
satisfies the system (12. 3p . Then for any j = 1, . . . ,n the polynomial 
'^i(^) ~ 9x]p{x) satisfies the equations 

(2.12) V,^;, = 0, z = l,...,n, 

where Vj is the Dunkl operator (I2.10p with the parameter c = v. 
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Proof. By using the 14^-mvariance of p{x) we rearrange the left-hand 
side of the equation (12.121) as 

By using (7, ^) = ^ . 7j9a,« and the formula (12.11) we obtain 

(2.13) ^iVj = ^^^^^Jp{x) - iyCijd^kp{x). 

Thus the property (I2.12p follows from (12. 3p . □ 

Corollary 2.14. Consider the Saito polynomial = t^[x) for some 
P = l,...,n. Then the derivatives vj = dxjtl^{x) satisfy the rela- 
tions (I2.12p . that is 

(2.15) ViV/(x) = VA,t^(x) = 0, ^,j = l,...,n, 

if the Dunkl operators have parameter c = ■ 

Definition 2.16. [7J A polynomial q{x) is called singular iiV iq{x) = 
for alH = 1, . . . , n. 

Thus Corollary 12.141 deals with the singular polynomials Vj. The 
W^-module (f 1, . . . , f„) is isomorphic to the reflection representation of 
the Coxeter group W. 

3. Shifting 

In the previous Section we established that derivatives of the Saito 
polynomials t'^ are singular polynomials for the appropriate values of 
the parameter c = = {dfs — l)/h. In this Section we explain how to 
generate further singular polynomials starting with Saito polynomials. 
The corresponding parameters c differ from by integers. 

We start with a known property of the solutions of the system (12. 5p . 

Lemma 3.1. [T71 Lemma 3.6] If C,{t) is a solution of the system (12.50 
then C,{t) = dtiC,{t) is a solution of the same system with v replaced by 

dtc^{t)U = ^{t){u-l + A)Ca, l<a<n. 

Note also that if a function p(t) is a solution of the system (12.40 . (12.50 
then dtip{t) is a solution of the same system with u replaced hj u — 1. 
Indeed, the partial derivatives of the function dfipit) are dtadt^pit) = 
dt^^ait), so they satisfy the system (12.50 with u — 1. 
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The new solution C,{t) given in Lemma [3. II can be represented as = 

^(i/ + a) U~^. If u ^ — for all a = 1, . . . , n then the matrix u + A 

h _ 

is invertible and we can rewrite this relation as ^ = f/ (z/ + A) . This 

suggests how to invert the Lemma 13.11 in order to generate solutions 

with increased value of u. 

Lemma 3.2. Let ^{t) be a solution of the system (12. 5p . Assume that 

V 7^ 1 for all a = 1, . . . ,n. Then 

h 

(3.3) ^^t) = at)U{iy+l + Ay' 

is a solution of the system (12. 5 p with v replaced by u + 1: 

(3.4) dtc.^{t)U = ^{t) {u + 1 + A)Cc,, l<a<n. 

Proof. Let to be a generic point in and let ^ (to) be the value of ^ (t) at 
this point. Then the value of ^(t) at this point is ^(to) = ^(^o)f^(^o) (^ + 
1 + a) ^ . There exists a solution ((t) of the system (13. 4p such that 

((to) = f(to)- By Lemma O the covector C(t) = Cit){u + 1 + A)[/-^ 
is a solution of ( 12. Sp . Note that there exists a unique solution of the 
system (12. 5p with a given value in the point to- So taking into account 
C{to) = f(to)(z/+l+A)f/-i(to) = ^(to) one yields C(t) = ^(t). Therefore 
C(t) = C{t)U{u + l + Ay^ = ^{t)U{u + l + Ay^ = f(t) andf(t) satisfies 
the equation (13. 4p . □ 

Remark 3.5. Suppose ^(t) in Lemma 13.21 is polynomial. Then by 
Lemma [2l6] there exists a polynomial p{t) such that ^ait) = dtc^pit). 
Thus the covector ^(t) satisfies the whole system (12. 4p . (12. 5p (with z/ 
replaced by z/ + 1) with some polynomial p(t). 

By applying Lemma 13.21 to the first order derivatives of the Saito 
polynomials we get the following result. 

Proposition 3.6. The covector ^ with the components 

(3.7) = 1 ,° , a = l,...,n, 

satisfies the equations 

(3.8) 9t.f(t) U = f(t) {u + A)Ca, l<a< n, 

with V = h 1 . 

h 
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Proof. Let v = — ^'^^ consider the solution p{t) = of the sys- 
tem (12 ■4p . fl2.5p and the corresponding covector ^ with the components 
= (see Lemma [2.9p . By Lemma [3.21 the covector ^ given by the 
formula (13.31) is a solution of fl3.8p foYu = u + 1. By substituting 
Co = i^^o (13.30 we obtain the components (13. 7p . □ 

This leads us to the following result. 
Theorem 3.9. For any & V , /3 = 1, . . . ,n the polynomial 



-a 



(3-10) ^(-) - E 



is a singular polynomial for the Dunkl operators with the parameter 
da — 1 

Proof. First we rearrange 

(3.11) c/f = = = j: g;^^. 

a=l 

It follows from Proposition 13.61 and Lemma 12.61 that there exists a W- 
invariant polynomial p{x) such that 

^ _ 1 ^dt^ 
* ^ da — da + h ^ (9x" dx°- 

By Proposition 12.111 the derivative q[x) = d(^p{x) is a singular polyno- 
mial. It has the required form as d(^p = dtapdct". □ 

As an example consider the case P = n. The corresponding Saito 
polynomial is proportional to (x^)^ + (x^)^ + . . . + (x")^. The right- 
hand side of the equality (I3.10p is then proportional to 

n 
a=l 

as the polynomial ^"+1-°^ is homogeneous of degree dn+i-a and da + 
dn+i-a = h + 2. We arrive at the following corollary. 

Proposition 3.12. For any C ^ ^ the polynomial 

n 

(3.13) g(x) = 9^5]]^°^""^'"" 

a=l 

is a singular polynomial for the Dunkl operators with the parameter 
c= {h + l)/h. 
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Remark 3.14. For c = 1/h + m,m & Z>o the existence of the singular 
polynomials in the isotypic component of the reflection representation 
is known from [18] (see also [I^). Further, in the case of Weyl groups 
W and c = r/h where r is a positive integer coprime with h, the exis- 
tence of singular polynomials in the isotypic component of the reflection 
representation is known from 



Example 3.15. Let TZ = An C V C C""^^ be given in its standard 
embedding so that V C C""''^ is defined by ^^^i Zi = where Zi are 

standard coordinates in . Define = Res2=oo nj=i [z — Zi)~^^^ dz 
for a = 1, . . . , n. Then Saito coordinate = ^_^_^_^ .g"|v' (see [1], [2]). 
The polynomials satisfy Yli=i ^ = so for any ( G C""*"^, i = 

rL-\-l — a. 

1, . . . , n + 1 Corollary EH gives d(-s°' = 0, where 



V 



dn+l T 
X ^ 1 — S 



Oz^ Zi Zj 

with Sij exchanging Zi and Zj (see also [201 Proposition 11.14], 
where this fact was established). Further, Proposition 13.121 gives that 

h+l 

the polynomial q{zi, . . . , Zn+i) = 5^ J2a=i t°'t'^^^~°' satisfies Vj g = 0. 

By iterating the previous arguments we get the following statement. 

Theorem 3.16. Let m G Z>o, fix f3, 1 < P < n. Define the covector 
e(™) = (d"^\---,d'"^) by 

(3.17) ^M=^m JJ u{A + ^+j)-\ 

l<j<m 

where C,^^^ has components ^a'' = 6^, a = 1, . . . ,n and the factors are 
ordered as y\ Aj = A1A2 ■ ■ ■ A^- Then for any i = l,...,n the 

l<j<m 

polynomials 

(3.18) ^^i^)=1^A^) = J2^t^o^^ 

a=l 

are singular polynomials for the Dunkl operators with the parameter 
c = '^^^j^+m. These polynomials are homogeneous of degree dp — l+hm. 

4. Singular polynomials in the reflection representation 

We are going to show that polynomials (13.181) generate all singular 
polynomials in the isotypic component of the reflection representation 
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of W. Firstly we note that each copy of the reflection representa- 
tion spanned by the singular polynomials is governed by a single W- 
invariant polynomial. 

Proposition 4.1. Let a subspace Mq C C[x] be spanned by the sin- 
gular polynomials and suppose that Mq = V as W -modules. Choose 
a basis {Pi,...,P„} in Mq such that each polynomial Pi is mapped 
to the basis vector Ci E V under the isomorphism. Then there exists 
Q e C[x\ . . . , x"]^ such that ^ = Pi for all i = 1, . . . , n. 

Proof. We have VjPj = VjPi = for all z, j = 1, . . . , n. Hence 
(4.2) 

d..p, - 9..P. - c ^(1 - s,)p, + c y: - s,)p. = 0. 

Since (1 - s^)ei = ^^^1 we get 

(7, ei)(l - s^)Pj = (7, ej)(l - s^)Pi 

for any 7 G 71+ . Thus it follows from the relation (14. 2 p that d^iPj = 
d^jPi so there exists Q e C[a;^, . . . ,a;"'] such that ^ = Pi for all i = 
1, . . . , n. Let us also check that Q is l^-invariant. Fix 7 G TZ+. Then 
for any z = 1, . . . , n we have s^Pi = ds^eXs^Q), and on the other hand 
s^Pi = ds^e,Q. Thus ds^eAQ ~ ^iQ) = 0, so Q = s^Q as required. □ 

Corollary 4.3. The singular polynomials (I3.18P can be represented as 
where 

O = Oo = 

da + km 

i = 1, . . . , n, anc? we A;eej» notations of Theorem \3.1(A 

Proof. By Proposition 14 . 1 1 we have the relation (14.41) for some invariant 
polynomial Q of degree dj3 + km. Hence (d^ + hm)Q = J27=i ^^li ^ 

Remark 4.6. It is recently explained in [22] how A/" = 4 multi-particle 
mechanical system with D(2, l;a) superconformal symmetry can be 
constructed based on a solution of the WDVV equations and a partic- 
ular twisted period. It follows from Theorem 13.161 and Corollary 14.31 
that the polynomials qi,Q given by (I3.18p . (14.50 define a supercon- 
formal mechanical system with the bosonic potential proportional to 
X]r=i parameter value a = — |((i/3 + km). 



1 

(4.5) Q = Q/3 = t-t;;:E^"^^^^^ 
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Remark 4.7. Let g{x^, . . . ,x") be a homogeneous W^-invariant poly- 
nomial of positive degree. Let Lg be the differential operator which 
acts on the H^-invariant functions by (yf(Vi, . . . , Vn). The operators 
Lg commute with each other and include the corresponding Calogero- 
Moser operator [20]. It follows from Corollary 14.31 that if c = ^^^^ + m 
then LgQi3 = so the polynomial belongs to the joint kernel of the 
Calogero-Moser operator and its quantum integrals. In particular, the 
Saito polynomial t'^ satisfies Lgt^ = if c = 

Now we move to the main statement of this Section on possible 
polynomial twisted periods of the Frobenius manifold A4. 

Theorem 4.8. Let L be the linear space of solutions p{x) to the sys- 
tem f l2.3p such that p G C[x]^. Then dimL = 1 unless v = \-m 

h 

for some degree dp, and m G Z>o. In this case dimL = 2 unless 
W = Dn where n is even and dp = n when dimL = 3. 

Proof. Suppose p G C[x]^ is a homogeneous solution of the system (12. 3 p 
such that D = degp > 0. By Proposition 12.111 the polynomials 
Vi{x) = are singular at the parameter = 1^. It follows from 

the relation 

n n 

^a;^Vi = J2x'd,. - z/ ^ (1 - s^) 

i=i i=i ien+ 

that z/ = ^ > (c.f. [7J). Consider firstly the case < z/ < 1. 
Equation (12. 5 p at a = 1 takes the form = ^(t)(z/ + A) since Ci = Id 
and deg^A = D — d\ < h for any 1 < A < ri. Hence the matrix u + A 
is degenerate so z^ = -\- for some /3, and D = dp. Moreover p{x) as a 
polynomial of the Saito coordinates has to be a linear combination of 
t^ with d\ = dp. 

Now let z/ > 1. The polynomial dtip{t) is non-constant as the matrix 
z/ -|- A is non-degenerate. By Lemma 13.11 the polynomial dtip{t) is a 
solution of the system (12.31) with u replaced by z/ — 1. It follows by 
Lemma [3l2] and Remark 13.51 that the spaces of positive degree homoge- 
neous invariant solutions of (12. 3p for the parameter z/ and u replaced 
with u — 1 are isomorphic. □ 

The arguments from the proof of Proposition 12.111 can be reversed 
so it follows that the polynomial (14. 5 p is a twisted period with u = 
{dp — 1 + hm)/h of the Frobenius manifold M.. Thus Theorem 14.81 
implies the following statement. 
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Corollary 4.9. Let p e C[x]^ be a non-constant twisted period of the 
Frobenius manifold M.. Then v = {dj^ — 1 + hm)/h for some degree 
dj3 and m G Z>o. Further, p = XQp unless W = and dj^ = 2r 
for some r E N in which case p = XQr + fiQr+i, where Qp are given 
by (C5l) and X,fi eC. 

Consider now a linear space Mo of singular polynomials such that 
Mq = V as H^- modules. Then Q G C[x]'^ defined by Proposition 14.11 
is a twisted period and hence Corollary 14.91 allows to describe all such 
IV- modules Mq. 

Corollary 4.10. Let q be a homogeneous singular polynomial. Suppose 
the linear space spanned by the polynomials wq, w G W , is isomorphic 
to V as W -module. Then deg q = dp — 1 -\- km for some degree dp of 
W , m G 1>>Q, and c = {dp — 1 + hm)/h. 

Further, q = Yl^=i Vi1i3,i unless W = and dp = 2r for some 
r G N m which case q = Yl^=iVi{^1r,i + f^(lr+i,i), where qp^i are given 
bu dXTH]) . (IXTTj) and A./i.r/.- G C. 

In the former cases all the homogeneous singular polynomials for 
c = {dp — 1 + hm)/h in the isotypic component of the reflection repre- 
sentation are described as linear combinations Yl^=i ViQP-i while in the 
latter case the homogeneous singular polynomials in the isotypic compo- 
nent of the reflection representation form the 2n- dimensional subspace 
of polynomials XliLi ^i^r^i + A^iQ'r+i,*; where Xi, fii G C. 

5. Further examples for classical series 

While we express singular polynomials in the isotypic component of 
the refiection representation of W through the Saito polynomials, in 
certain cases direct formulas exist. We refer to [7], [Hj for the case of 
dihedral groups, and to [21], [H] for the case when W is of classical 
type. For instance, it follows from and Corollary 14.91 that all the 
polynomial invariant twisted periods for W = are given by 



n+l 

Q = Res2=oo - Zj Ydz 

3=1 



where u = + m with s = 1, . . . , n and m G Z>o (c.f. [H]). Further, 
let 

n 

(5.1) Q = Res,=oo n ~ 

where standard coordinates in C". Then all the polyno- 

mial invariant twisted periods for W = have the form (15.11) where 
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a = 0, u = + m with s = 1, . . . ,n and m G Z>q. Similar, f lS.ip is 
the twisted period for W = Dn if a = — 2z/, z/ = 2(n-i) with 
s = 1, . . . , n — 1 and m G Z>o. the remaining polynomial invariant 
twisted periods for W = Dn have the form 

n 

(5.2) Q = Res,=o J] " ^^j^^'^dz, 

where m G Z>o (c.f [23] )• We note that for even n the polynomial 
Q = Qm,oo given by (15.11) with a = —2m — 1, z/ = m+|, mG Z>o 
has same degree as the polynomial Q = Qm,o given by (15. 2 p with the 
same m. These polynomials are not proportional as for m > the 
polynomial dtiQm,oo is a nonzero multiple of the polynomial Qm-i,oo, 
and dtiQmfl is a nonzero multiple of Qm-i,o- 

This leads to the following proposition which can also be checked 
directly. 

Proposition 5.3. Let polynomial Q{x) be given by (15.20 withm G Z>o. 
For any C & V the polynomial d^Q is singular for W = Dn with the 
parameter c = m + ^. 

Proposition 15.31 can be generalized to the case of complex reflection 
group W = Sn i< (Z/£Z)", where £ G Z satisfies i > 2. This group is 
generated by the reflections cr|"^ and Sj acting on the standard basis as 

(5.4) alj'ei = u Cj, cr^/ej = w e^, cr^/Cfc = e^, 

(5.5) SiCi = ujCi, SiCk = Ck, 

where to = ^"^^1^ is the primitive root of unity, i, j, = 1, . . . ,ri, i ^ 
j k i, a = 0, . . . ,i — 1. The Dunkl operators in this case have the 
form [24j 

£-1 n e-1 e-1 

(5.6) V. = 4. - . — (1 - - c. 

a=0 i=i 6=1 a=0 * 

where z/, ci, . . . , q_i G C (we do not suppose any more that parameters 
of the Dunkl operators are equal). Denote Cq = and Cai+b = Cb for 
aGZ, 6 = 0, 

The next statement generalizes Proposition 15.31 The form of the sin- 
gular polynomials is suggested by [llj where some singular polynomials 
for the group W were found using the residues at infinity. 

Proposition 5.7. Let g G Z satisfy 1 < q < i — 1- Suppose that 
1/ = m + Cq-s = and C-s = | for some m,s G Z>o. Then the 
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(5.8) /, = n Res,=o z-'"^-' n ( 1 - ^ 

i=l i=l ^ 



define singular polynomials that is Vifj = for any i,j = 1, . . . ,n, 
where the operator Vj is given by (15. 6p (and it is assumed in (15.81) 
that Xi ^ for all i). These polynomials are homogeneous of degree 
{n — l)(m£ + I — q) + ns and they span an irreducible n-dimensional 
representation ofW. 

Proof. By calculating the residue in (15.81) explicitly one yields 

oo ^ \ n 

fci,...,fe„=o ^ i / j=i 

fcj + ... + fcn = m «7^J 

where (^) = a(a — 1) ■ ■ ■ (a — A; + l)//c! and (p) = 1. Since v > m the 
function is a homogeneous polynomial of xi, . . . it has degree 
(n — l)£z/ + s = (n — l)(m£ + £ — g) + ns. Note that all the coefficients 
in this expression do not vanish and hence fj ^ 0. The generators of 
W act on the polynomials (15. 8p by the formulae 

(5.9) af;V. = c^'^"/,, erf;)/,- = u^-'^'fi, a^f f, = f,, 

(5.10) Sifi = uj-'fi, Sifk = uj'^~"fk, 

where i,j,k = l,...,n,ij^jj^kj^i,a = 0,...,£ — l. It follows that 
the space spanned by fj, j = l,...,n, is n-dimensional irreducible 
representation of W. 

Now let us show that the polynomial fj is singular. Let i j, then 
using the formulae (15.91) . (I5.10p we derive 

(5.11) 

e-i e-i e-i 

a=0 * J b=l a=0 * 

The last term in ( 15. lip equals —Icq-gX^^fj = as X]l=o'^"^ = 
6 ^ «. Thus V./, = niLia^f Res,=o;2-'™-'nr=i (1 - z'/x^yF,,dz 



X, 
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where 



Fa = u— -u^ ' ^ 

0=0 



'■^ ^xl — z^){xj — z^) ^ Xi — U!"-Xj \Xj — xl — z^ 



' ext'x'i+ 



{xf- Z^X^j- z^)\ ' ' 
^ z^uj-'"i{xl - cu'^^j) + x1x]{x^r'i - u-'"ixY'^)\ 

^ Xi- U'^Xj ) 

" {xl-z'^){x]-z')\ ' 

0=0 6=0 0=0 6=0 

Thus the first double sum in Fij vanishes and the last double sum 
equals ix~^x^y Thus Fij = and Vi/j = for i ^ j. 

Now to prove that Vjfj = it is sufficient to check ^"=1 XiVifj = 0. 
Since fj is homogeneous of order {n — l)lu + s we have ^^^=1 Xidxjj ~ 
((n — + s)fj. Hence using Cq^g = as previously one yields 

n n n 

E ^^^^fj = ((^ - 1)^^ + ')f^ + n ^^^-0 11(1 - //xirFjdz, 

i=l k=l k=l 

where 

F- = f\^Y^ ( - ^ 

^ ^ ^ Xi-u''xXx\- z'^ x^-z^J 

i—1 n Q r,r, a £—1 £—1 —ah—a^ Q 



aTl ~ ^ ^X) - Z" Xl- Z'-/ ' ^ X", - Z-- 

a=0 fc=i J J « 6=1 a=0 J 



By taking into account — ^ 1 \„ = 1 we obtain 

" Xi—U!°-Xj Xj—U> °'Xi 

" " / a;^ a; \ „ x^. 



^-^ \X\ — Z"- XI: — Z"- ) X,- — Z"- 

a=0 «=i J ' 3 



— 



where we used C-g — f ■ Hence we derive ^^^=1 XiVifj — 0- D 
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Remark 5.12. In the case when the parameters satisfy i\{s — q) the sin- 
gular polynomials fl5.8p appeared earlier in [TTl Proposition 4.1] where 
they were presented using the residue at infinity. In the other cases the 
space spanned by (15. 8p does not contain the singular polynomials from 
[TT| Proposition 4.1] except the case n = 2, s = and the case n = 1. 
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